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Conductance and density of states as the Kramers-Kronig dispersion relation
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By applying the Kramers-Kronig dispersion relation to the transmission amplitude a direct con-
nection of the conductance with the density of states is given in quantum scattering systems con-
nected to two one-channel leads. Using this method we show that in the Fano resonance the peak
position of the density of states is generally different from the position of the corresponding conduc-
tance peak, whereas in the Breit-Wigner resonance those peak positions coincide. The lineshapes
of the density of states are well described by a Lorentz type in the both resonances. These results
are verified by another approach using a specific form of the scattering matrix to describe scattering
resonances.
Pacs numbers: 72.10.-d, 73.63.Kv, 76.20.+q
I. INTRODUCTION
The developments of nano-scale fabrication technique
made possible confining electrons in a small region so that
the system shows a discrete energy spectrum. Such an
electron system is called the quantum dot, whose charac-
teristics have been investigated in many theoretical and
experimental works.1,2
One way by which characteristics of a quantum dot can
be investigated is to connect leads to it and to measure its
conductance. Many such experiments have actually been
carried out and have shown sharp peaks of the conduc-
tance or the staircase structure in electric currents as a
function of gate voltage or source-drain voltage.1–6 These
experimental results about conductance peaks have been
interpreted on the hypothesis that the electric current
through the quantum dot occurs if there is at least one
of the energy levels of the quantum dot between chemical
potentials of the reservoirs connected to the quantum dot
via leads. This hypothesis is justified if the peak position
of the conductance coincides with the corresponding peak
position of the density of states in the quantum dot.
In this paper we investigate this hypothesis about the
peak positions of the conductance and the density of
states. We consider a quantum dot connected to two one-
channel leads, and assume that the system has a time-
reversal symmetry. In this system, from the scattering
matrix the conductance and the density of states are cal-
culated by using the Landauer conductance formula7–11
and the Friedel sum rule12–14, respectively. Moreover,
in order to connect the conductance with the density
of states we use the Kramers-Kronig dispersion relation.
The Kramers-Kronig dispersion relation connects the real
part of a function with its imaginary part by the Hilbert
transformation, based on the analyticity of the function.
By applying this relation to the logarithm of a scattering
matrix element we obtain formulas allowing us to cal-
culate the conductance from the density of states and
to calculate the density of states from the conductance.
These formulas are used to investigate a relation of peak
positions of the conductance and the density of states.
We consider two kinds of resonances which are called
the Breit-Wigner resonance and the Fano resonance. The
Breit-Wigner resonance15 is characterized as the conduc-
tance lineshape
Gb(E) = Λb
1
(E − E0)2 +∆2 (1)
of a Lorentz type around a resonant energy E0 as a func-
tion of energy E, where Λb is a positive constant. Here
the real constant ∆ represents a coupling strength of the
quantum dot with leads, and takes a small value com-
pared with energy level spacings of the quantum dot in a
weak coupling case with leads. This resonance lineshape
agreed with experimental results for conductance in some
quantum dots.6 Fig. 1 shows this conductance lineshape
with the parameter values E0 = 100, ∆ = 1 and Λb = 1.
On the other hand, the Fano resonance16 is characterized
by the conductance lineshape
Gf (E) = Λf
(E − E0 +Q)2
(E − E0)2 +∆2 (2)
around a resonant energy E0, where Λf is a positive con-
stant. Here the parameter Q determines asymmetry in
the conductance lineshape of the Fano resonance. The
Fano resonance lineshapes are drawn in Fig. 2 with the
parameter values E0 = 100 and ∆ = 1. Here, we chose
the parameter Λf as ∆
2/(∆2+Q2) so that the peak value
of the conductance is one. The Fano resonance is caused
by coupling discrete states with continuous states, and
exhibits conductance zero points like the energy point
E = E0 −Q in Eq. (2).17,18 It should be noted that the
Fano resonance is attributed to the Breit-Wigner type
in the case of |Q/∆| >> 1 (See Fig. 2 (a).). The con-
ductance lineshape of the Fano resonance is actually ob-
served experimentally by using the scanning tunneling
microscopy19–21 and in quantum dots22,23. These exper-
imental results show that even the case of |Q/∆| << 1
like Fig. 2 (c) can happen.
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FIG. 1. Conductance lineshape of the Breit-Wigner reso-
nance as a function of energy.
By applying our formula using the Kramers-Kronig
dispersion relation to these two kinds of resonances we
obtain the following results: (1) In the Breit-Wigner res-
onance the peak position of the density of states coincides
with the position E = E0 of the conductance peak. (2)
In the Fano resonance the density of states are indepen-
dent of value of the asymmetric parameter Q in a weak
coupling case with leads, and the peak position of the
density of states is at E = E0. Eq. (2) shows that the
peak position of the conductance depends on the asym-
metric parameter Q and is given by E = E0 + ∆
2/Q.
Therefore, in the case of |Q/∆| >> 1 the peak posi-
tion of the density of states is close to the position of
the conductance peak. On the other hand in the case of
|Q/∆| << 1 the peak position of the density of states is
rather close to the energy E0 − Q at which the conduc-
tance takes a minimum value. We also show that in both
resonance types the lineshapes of the density of states are
a Lorentz type. These results are correct even in the case
where an electron-electron interaction like the charging
effect inside the quantum dot plays an important role,
because the Friedel sum rule is correct even in presence
of electron-electron interactions.13
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FIG. 2. Conductance lineshapes of the Fano resonance as
functions of energy. The graphs (a), (b) and (c) are corre-
sponding to the case of Q = 10, 1 and 0.1, respectively.
We verify the above results by another approach which
does not use the Kramers-Kronig dispersion relation. It is
an approach using a specific form of the scattering matrix
to describe scattering resonances. We show that only the
Breit-Wigner and the Fano resonances are derived from
this scattering matrix. By applying the Landauer con-
ductance formula and the Friedel sum rule to this specific
form of the scattering matrix we calculate the density of
states and the conductance, and obtain the same results
as with the dispersion relation approach.
II. KRAMERS-KRONIG DISPERSION
RELATION IN THE TRANSMISSION
AMPLITUDE
The system which we consider in this paper is the
quantum dot connected to particle reservoirs via two one-
dimensional leads. We neglect the effect of a magnetic
field so that the system has the time-reversal symmetry.
For such a system the scattering matrix S(E) = (Sll′(E))
is represented as a 2 × 2 symmetric and unitary matrix
at any energy E. The conductance G(E) is given by the
Landauer conductance formula
G(E) =
q2
2πh¯
|t(E)|2 (3)
with the charge q of the particle, the Planck constant
2πh¯ and the transmission amplitude t(E) ≡ S12(E)(=
S21(E)). The density of states ρ(E) is given by the
Friedel sum rule
ρ(E) =
1
π
∂θf (E)
∂E
(4)
which θf (E) is the Friedel phase defined by
θf (E) ≡ 1
2i
lnDet{S(E)}. (5)
It is important to note that the Friedel phase θf (E) and
the transmission amplitude phase θt(E)(≡ Arg{t(E)})
are not completely independent. Actually, if the con-
ductance is not zero in any value of energy, then the
transmission amplitude phase θt(E) is simply given by
θf(E) + π/2. On the other hand, if the conductance
takes zero in some energy points E = E(n), n = 1, 2, · · ·,
then the transmission amplitude phase can have dis-
continuities of ±π in those points, and is connected to
the Friedel phase θf (E) as θt(E) = θf(E) + η(E) with
η(E) ≡ ν + π∑n γnΘ(E − E(n)).24 Here ν is an energy-
independent constant, Θ(x) is the step function of x, and
γn is a constant taking the value −1, 0 or 1 only. In this
paper we treat the conductance like Eq. (2), so we should
make up our formula based on the case where there is a
conductance zero point.
Since the transmission amplitude phase θt(E) has dis-
continuities in the conductance zero points, we should not
assume that the logarithm of the transmission amplitude
t(E) itself is an analytic function of energy. Therefore,
in order to apply the Kramers-Kronig dispersion relation
in which the analyticity of the function plays an essential
role, we must carefully remove the singularity caused by
the conductance zero points from the logarithm of the
transmission amplitude t(E). For this purpose we repre-
sent the transmission amplitude t(E) as
2
t(E) = lim
ε→+0
eiη(E) · e2−1 ln(ε+|t(E)|2)+iθf (E). (6)
The limit ε→ +0 is introduced to avoid the divergences
of the function ln |t(E)|2 of E in the conductance zero
points. In addition, the function θf (E) of E is a contin-
uous function because its derivative gives the density of
states ρ(E) multiplied by π, which should be a contin-
uous function of energy. Therefore we get the function
2−1 ln(ε+ |t(E)|2) + iθf(E), which can be assumed to be
a continuous function of energy.
In the next step we separate its asymptotic form from
the transmission amplitude and we make a function
which goes to zero as the energy E goes to infinity. For
this purpose we introduce the asymptotic forms of the
functions |t(E)|2 and θf (E) as
|t(E)|2 E→+∞∼ T (∞)(E) (7)
θf (E)
E→+∞∼ θ(∞)f (E) (8)
As an example of the asymptotic transmission amplitude,
in the one-dimensional system we may take t(E)
E→+∞∼
exp(ikl), where l is the length of the system and k is
the wave vector
√
2mE/h¯ with the mass m of the par-
ticle, so this gives T (∞)(E) = 1 and θ(∞)f (E) = kl. The
transmission amplitude t(E) is represented as
t(E) = lim
ε→+0
e2
−1 ln(ε+T (∞)(E))
× ei{θ(∞)f (E)+η(E)} · eΦε(E) (9)
where Φε(E) is the imaginary function defined by
Φε(E) ≡ 1
2
ln
ε+ |t(E)|2
ε+ T (∞)(E)
+i
[
θf(E)− θ(∞)f (E)
]
. (10)
An important characteristic of the function Φε(E) is that
this function satisfies the condition
lim
E→+∞
Φε(E) = 0, (11)
and can be assumed to be a continuous function of en-
ergy. The real part of the function Φε(E) gives the con-
ductance
G(E) = lim
ε→+0
G(∞)(E)e2Re{Φε(E)} (12)
by using Eq. (3), where G(∞)(E) is the conductance
(q2/(2πh¯))T (∞)(E) in the high energy limit. Using Eq.
(4) the density of states ρ(E) is connected to the imagi-
nary part of the function Φε(E) by
ρ(E) = ρ(∞)(E) + lim
ε→+0
1
π
∂Im{Φε(E)}
∂E
(13)
where ρ(∞)(E) is the asymptotic form of the density
of states in the high energy limit and is given by
(1/π)∂θ(∞)f (E)/∂E. Now we finish preparing the function
Φε(E) to which we apply the Kramers-Kronig dispersion
relation.
So far, the function Φε(E) has been defined only in
the real energy region (0,+∞). (Here we took the origin
of energy so that the lower bound of the energy is zero.)
Now, in order to apply the Kramers-Kronig dispersion
relation to the function Φε(E), we extend this function
so that it is defined in the whole upper half plain of the
imaginary number E including the real axis. We assume
that such an extension can be done under the three con-
ditions:
(I) The function Φε(E) of E is analytic in the
whole upper half plain and in the real
axis in the imaginary number E.
(II) lim|E|→+∞ |Φε(E)| = 0 in any energy E
satisfying Im{E} ≥ 0.
(III) Φε(−E) = Φε(E)∗ in any real number E.
It should be noted that the condition (II) is a general-
ization of Eq. (11). In this paper we choose the value
θf(0) − θ(∞)f (0) as 0, so that the right-hand side and the
left hand side in the equation of the condition (III) coin-
cide at the origin E = 0. Known as the Kramers-Kronig
dispersion relation,25 using the conditions (I), (II) and
(III) the real part and the imaginary part of the function
Φε(E) are connected as
Re{Φε(E)} = 2
π
Pˆ
∫ +∞
0
dE′
E′ Im{Φε(E′)}
E′2 − E2 (14)
Im{Φε(E)} = − 2
π
Pˆ
∫ +∞
0
dE′
E Re{Φε(E′)}
E′2 − E2 (15)
where the operator Pˆ means to take the principal integral
in the following integral.
Using Eqs. (10), (12) and (13), the relations (14) and
(15) lead to a direct connection between the conductance
and the density of states:
G(E) = G(∞)(E) exp
{
−
∫ +∞
0
dE′ C(E,E′)
× [ρ(E′)− ρ(∞)(E′)]
}
(16)
ρ(E) = ρ(∞)(E) + lim
ε→+0
∫ +∞
0
dE′ D(E,E′)
× ln ε+G(E
′)
ε+G(∞)(E′)
(17)
where the functions C(x, y) and D(x, y) of x and y are
defined by
3
C(x, y)
≡ lim
ǫ→+0
ln
{[
(x − y)2 + ǫ2] [(x+ y)2 + ǫ2]} (18)
D(x, y) ≡ − lim
ǫ→0
1
2π2
{
(x − y)2 − ǫ2
[(x− y)2 + ǫ2]2
+
(x+ y)2 − ǫ2
[(x+ y)2 + ǫ2]
2
}
. (19)
(See Appendix A about the derivations of these equa-
tions.) Here, in order to derive Eq. (16) we assumed
limE→+∞{θf(E) − θ(∞)f (E)} lnE = 0, which is stronger
than the condition (8). Eqs. (16) and (17) are the key
results of this paper.
As a general feature of the conductance shown by us-
ing Eq. (16) the conductance G(E) is invariant under the
change ρ(E) → ρ(E) + α (So ρ(∞)(E) → ρ(∞)(E) + α.)
of the density of states in any constant α. Similarly Eq.
(17) implies that the density of states ρ(E) is invariant
under the change G(E)→ β G(E) in any constant β.
III. APPLICATION TO THE BREIT-WIGNER
AND FANO RESONANCE
In this section, using Eq. (17) we calculate the densi-
ties of states in the Breit-Wigner resonance and the Fano
resonance. In the actual calculation we use the equation
ρ(E)− ρ(∞)(E)
= − lim
ε→+0
1
π2
Pˆ
∫ +∞
0
dE′
E′
E′2 − E2
× ∂
∂E′
ln
Gε(E
′)
G(∞)ε (E′)
(20)
with Gε(E) ≡ ε+G(E) and G(∞)ε (E) ≡ ε+G(∞)(E). Eq.
(20) is equivalent with Eq. (17), as shown in the end of
Appendix A.
Before calculating the density of states, we consider
some problems in applications of the formula (20) to the
conductances (1) and (2). First, strictly speaking, in or-
der to obtain the density of states using the formula (20)
we need to know the value of the conductance in any
energy E. On the other hand Eqs. (1) and (2) are cor-
rect only around the resonant energy E0. However the
integral kernel E′/(E′2 − E2) in the formula (20) has a
large absolute value only around E′ = E, so the value of
conductance around the energy E0 is enough to obtain
approximately the density of states around the energy
E0.
The second problem in applications of the formula (20)
is that we do not know the general asymptotic forms
of the conductance and the density of states, which is
needed to calculate the exact form of the density of
states ρ(E) by using Eq. (20). In this section we as-
sume that the energy dependence of the asymptotic form
of the transmission amplitude is the same as the one-
dimensional case, namely t(E)
E→+∞∼ exp(iλ√E) using a
constant λ. Therefore the asymptotic form of the conduc-
tance and the density of states are given by G(∞)(E) =
q2/(2πh¯) and ρ(∞)(E) = λ/(2π
√
E), respectively. We do
not have to care whether the conductances (1) and (2)
satisfy the condition limE→∞G(E) = q
2/(2πh¯), because
these forms of the conductances are justified only around
the resonant energy E0.
It is valuable to extract an essential part giving a peak
of the density of states from the right-hand side of Eq.
(20). For this purpose we rewrite Eq. (20) as
ρ(E) = − lim
ε→+0
1
2π2
Pˆ
∫ +∞
−∞
dE′
1
E′ − E
∂ lnGε(E
′)
∂E′
+F(E) + λ
2π
√
E
(21)
Here we used the specified asymptotic form of the con-
ductance and the density of states, and F(E) is defined
by
F(E) ≡ − lim
ε→+0
1
2π2
∫ +∞
0
dE′
Ξε(E
′)
E′ + E
(22)
with Ξε(E) ≡ (∂/∂E) ln[Gε(E)/Gε(−E)]. The function
F(E) of E is estimated as
|F(E)| < lim
ε→+0
1
2π2
1
E
∫ +∞
0
dE′ |Ξε(E′)| . (23)
We consider a weak coupling case of the quantum dot
with leads, so we may regard the constant ∆ as a small
parameter compared with energy level spacings of the
quantum dot. In this case we can assume that the energy
value E0 is large enough compared with the constant |∆|.
Noting that it is enough for us to calculate the density
of states ρ(E) only around the energy E0, we estimate
that the contribution of the function F(E) to the den-
sity of states is negligible around the energy E0 under
the condition that the integral
∫ +∞
0 dE |Ξε(E)| has a fi-
nite value, because of the small factor 1/E ≃ 1/E0 in
the right-hand side of Eq. (23). The third term in the
right-hand side of Eq. (21) is a monotonous decreasing
function of energy, so this part is also negligible in a large
energy value E ≃ E0 and almost does not contribute to
changes of the peak position and the configuration of the
density of states. Therefore the main contribution to the
peak of the density of states comes only from the first
term in the right-hand side of Eq. (21).
A. Breit-Wigner resonance
Fig. 3 is the Breit-Wigner resonance lineshape (1) and
the corresponding density of states which is calculated
by using Eq. (20). Here we chose the parameters as
4
λ = 1, and the other parameter values are the same as
in Fig. 1. Fig. 3 shows that the peak position of the
density of states coincides with the peak position of the
conductance in the Breit-Wigner resonance.
Now we check this result by the analytical considera-
tion based on Eq. (21) neglecting its second and third
terms. Substituting Eq. (1) into Eq. (21) we obtain the
density of states as
ρ(E) ≃ 1
π2
Pˆ
∫ +∞
−∞
dE′
1
E′ − E
E′ − E0
(E′ − E0)2 +∆2
=
1
π
|∆|
(E − E0)2 +∆2 . (24)
This implies that the density of states is a Lorentz type
whose peak position is at E = E0 and is independent of
the value of the prefactor Λb in the conductance lineshape
(1).
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FIG. 3. Density of states (solid line) and the conductance
(dashed line) as functions of energy in the Breit-Wigner res-
onance.
B. Fano resonance
The conductance (2) in the Fano resonance is an exam-
ple in which a conductance zero occurs, so the infinites-
imal constant ε in Eq. (20) plays an important role in
calculating the density of states.
Fig. 4 is the density of states corresponding to the
Fano resonance lineshape (2), which is calculated by us-
ing Eq. (20).26 Here, we chose the parameters as λ = 1
and the other other parameter values are the same as in
Fig. 2. In the case of |Q/∆| >> 1 (See Fig. 4 (a).),
where the conductance lineshape is close to the Breit-
Wigner type, the peak position of the density of states
is close to the peak position of the conductance. On the
other hand, in the case of |Q/∆| << 1 (See Fig. 4 (c).),
where the conductance lineshape is a gulf rather than a
peak, the peak position of the density of states is rather
close to the gulf of the conductance.
Now we calculate the density of states ρ(E) by using
Eq. (21) neglecting its second and third terms. After a
small calculation (See Appendix B for the detail of the
calculation) we obtain ρ(E) ≃ (1/π)|∆|/{(E − E0)2 +
∆2}, which is a Lorentz type with the peak at the energy
E0 and is the same as with the case of the Breit-Wigner
resonance. It should be emphasized that this form of
the density of states is independent of the value of the
asymmetric parameter Q and the prefactor Λf in the
conductance lineshape (2).
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FIG. 4. Density of states (solid line) and the conductance
(dashed line) as functions of energy in the Fano resonance.
The graphs (a), (b) and (c) are corresponding to the cases
of Q = 10, 1 and 0.1, respectively. The arrow in each graph
shows the position of the conductance peak.
IV. ANOTHER APPROACH USING A SPECIFIC
FORM OF SCATTERING MATRIX
In this section, using another approach which does not
use the Kramers-Kronig dispersion relation, we verify our
results obtained in the previous section.
The specific form of the scattering matrix
S(E) = A
(
I + iB
1
E − E0 + i∆
)
(25)
around a resonant energy E0 has been proposed to de-
scribe scattering resonances.27,28 Here, the 2 × 2 matrix
A ≡ (All′ ) is introduced as an energy-independent scat-
tering matrix in the high energy limit, so that it is an
unitary matrix in itself: AA† = A†A = I. The matrix
B ≡ (Bll′) is also an energy-independent 2 × 2 matrix
and satisfies the conditions
B† = B and B(B + 2I∆) = 0, (26)
so that the scattering matrix S(E) given by Eq. (25)
becomes an unitary matrix in any energy E. It may be
5
noted that either B = −2I∆ or B = 0 satisfy the condi-
tion (26), but this gives an energy-independent conduc-
tance which is not pertinent to the subject of this pa-
per. Therefore in this section we assume B 6= −2I∆ and
B 6= 0, which lead to the parameterized representation
B = ∆ ·
( −1 + sinφ eiϕ cosφ
e−iϕ cosφ −1− sinφ
)
(27)
of the matrix B with real parameters φ and ϕ.
By applying the Friedel sum rule (4) to the scattering
matrix (25) the density of states ρ(E) is given by
ρ(E) =
1
π
∆
(E − E0)2 +∆2 , (28)
which satisfies lim∆→+0 ρ(E) = δ(E − E0).29 Therefore
the resonance lineshape of the density of states is always
a Lorentz type with a peak at the energy E0. This agrees
with the result concerning the lineshape of the density of
states in the previous section.
Now we check that the scattering matrix (25) gives the
conductance lineshapes of the Breit-Wigner and the Fano
resonance, and consider a relation between the peak posi-
tions of the conductance and the density of states. First
we consider the case of A12 = 0. In this case using Eqs.
(3) and (25) the conductance G(E) is represented as the
Breit-Wigner type (1) with Λb = q
2|B12|2/(2πh¯) by not-
ing |A11| = 1, and the density of states is connected to the
conductance simply as ρ(E) = ∆ ·Gb(E)/(πΛb). In this
case the peak position of the conductance is at E = E0
and coincides with the peak position of the density of
states.
Second we consider the case of A12 6= 0. In this case,
by applying the Landauer conductance formula (3) to the
scattering matrix (25) we obtain the conductance
G(E) = Wf + Λf
(E − E0 +Q)2
(E − E0)2 +∆2 (29)
of the Fano type with parameter values
Wf =
q2
2πh¯
|A12|2K, (30)
Λf =
q2
2πh¯
|A12|2(1 −K), (31)
Q = − d1
1−K . (32)
Here K is defined by
K ≡ ∆
2 + d21 + d
2
2 −
√
(∆2 + d21 − d22)2 + 4d21d22
2∆2
(33)
and dj , j = 1, 2 are introduced as
d1 ≡ Im
{
A11
A12
B12
}
, (34)
d2 ≡ ∆+B22 +Re
{
A11
A12
B12
}
. (35)
It is important to note that the constant K satisfies the
inequality 0 ≤ K ≤ 1 so the constants Wf and Λf given
by Eqs. (30) and (31) are not negative. The peak posi-
tion of the conductance in this case is at E = E0+∆
2/Q,
which does not coincide with the peak position E = E0
of the density of states shown by Eq. (28). The Fano
conductance (29) takes a minimum value at the energy
E0 − Q. Therefore the peak position E = E0 of the
density of states is close to the peak position of the con-
ductance in the case of |Q/∆| >> 1, but as the quantity
|Q/∆| goes to 0 it moves closer to the energy at which
the conductance takes a minimum value. This is exactly
the same result as in the previous section.
The above results in this section are independent of
the time-reversal symmetry of the system and are cor-
rect even in presence of a magnetic field. However if the
system has the time reversal symmetry and the condi-
tions S12 = S21 and A12 = A21 are satisfied, then we
obtain Wf = 0, Λf = (q
2/(2πh¯))|A12|2 and Q = −d1
(See Appendix C for their proofs.). Therefore the con-
ductance (29) becomes exactly the same form as Eq. (2)
in the time-reversal symmetric system.
V. CONCLUSION AND REMARKS
In this paper using the Kramers-Kronig dispersion re-
lation, the Landauer conductance formula and the Friedel
sum rule we have discussed a method to calculate the
density of states from conductance and to calculate con-
ductance from the density of states in quantum scattering
systems connected to two one-channel leads. We consid-
ered the case of no magnetic field, so that the system had
the time-reversal symmetry. Our formula was applied to
the Breit-Wigner resonance and the Fano resonance, and
led to their profiles of the density of states. In the Breit-
Wigner resonance the peak positions of the conductance
and the density of states coincide. On the other hand,
in the Fano resonance, a relation of the peak positions
of the conductance and the density of states depends
on the parameter |Q/∆| which determines asymmetry
of the conductance lineshape. In the case of |Q/∆| >> 1
the peak position of the density of states is close to the
position of the conductance peak, like the Breit-Wigner
resonance. However in the case of |Q/∆| << 1 the
peak position of the density of states is rather close to
the energy at which the conductance takes a minimum
value. We also showed that the lineshape of the density of
states is a Lorentz type in both resonances. These results
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are model-independent, and are correct even if electron-
electron interaction inside the quantum dot plays an im-
portant role. These results were verified by another con-
sideration which does not use the Kramers-Kronig disper-
sion relation but uses a specified form of the scattering
matrix to describe scattering resonances.
The relation between peak positions of the conduc-
tance and the density of states is important to explain
an in-phase characteristic of the transmission amplitude
phase (See Eq. (13) in Ref. 24), which has been measured
actually in an experiment.30 Some works indicated that
the Fano resonance property is important to cause this
phenomenon.31,32 In Ref. 24 it has already been shown
that in a simple model consisting of a branch connected
to a one-dimensional perfect wire the peak positions of
the density of states are in gulfs of the conductance.
The advantage of our approach using the Kramers-
Kronig dispersion relation is that we can know the den-
sity of states directly from the conductance which can
be measured in experiments. We can also calculate the
density of states from the scattering matrix itself, but it
is extremely difficult for the scattering matrix itself to
be measured in experiments. On the other hand, one of
the disadvantages of the dispersion relation approach is
that this approach is justified only under some restric-
tive conditions, for example, two one-channel leads, no
magnetic field, the conditions (I), (II) and (III), etc. We
would get a wrong result if we neglected these conditions.
For example, the approach in the section 4 predicts a
nonzero constantWf in presence of a magnetic field, and
if we were to apply the formula (17) to such a nonzero
Wf case then the density of states would take a negative
value in an energy region, which is not correct. To reduce
the number of these conditions in our dispersion relation
approach is one of the important future problems.
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APPENDIX A: DERIVATION OF THE
CONNECTION BETWEEN THE
CONDUCTANCE AND THE DENSITY OF
STATES
In this appendix we give the derivation of Eqs. (16),
(17) and (20).
First we should notice the equation
Pˆ 1
E′2 − E2
=
1
2E′
(
Pˆ 1
E′ − E + Pˆ
1
E′ + E
)
= lim
ǫ→0
1
2E′
[
E′ − E
(E′ − E)2 + ǫ2
+
E′ + E
(E′ + E)2 + ǫ2
]
. (A.1)
Similarly we obtain
Pˆ 1
E′2 − E2
= lim
ǫ→0
1
2E
[
E′ − E
(E′ − E)2 + ǫ2
− E
′ + E
(E′ + E)2 + ǫ2
]
. (A.2)
It follows from Eqs. (10), (12), (14), (18) and (A.1) that
ln
G(E)
G(∞)(E)
= lim
ε→+0
2Re{Φε(E)}
= lim
ε→+0
4
π
Pˆ
∫ +∞
0
dE′
E′ Im{Φε(E′)}
E′2 − E2
= lim
ε→+0
lim
ǫ→0
2
π
∫ +∞
0
dE′
[
E′ − E
(E′ − E)2 + ǫ2
+
E′ + E
(E′ + E)2 + ǫ2
]
Im{Φε(E′)}
=
1
π
∫ +∞
0
dE′
∂C(E,E′)
∂E′
[θf(E
′)− θ(∞)f (E′)]
= −
∫ +∞
0
dE′ C(E,E′) 1
π
∂[θf(E
′)− θ(∞)f (E′)]
∂E′
= −
∫ +∞
0
dE′ C(E,E′) [ρ(E)− ρ(∞)(E)] (A.3)
where we used the conditions θf (0) − θ(∞)f (0) = 0 and
limE′→+∞ C(E,E′) [θf (E′)−θ(∞)f (E′)] = 0. This leads to
Eq. (16). Similarly, using Eqs. (10), (13), (15), (19) and
(A.2) we obtain
ρ(E)− ρ(∞)(E) = lim
ε→+0
1
π
∂Im{Φε(E)}
∂E
= − lim
ε→+0
2
π2
∂
∂E
Pˆ
∫ +∞
0
dE′
E Re{Φε(E′)}
E′2 − E2
= − lim
ε→+0
lim
ǫ→0
1
π2
∂
∂E
∫ +∞
0
dE′
[
E′ − E
(E′ − E)2 + ǫ2
− E
′ + E
(E′ + E)2 + ǫ2
]
Re{Φε(E′)} (A.4)
= lim
ε→+0
∫ +∞
0
dE′ D(E,E′) ln ε+G(E
′)
ε+G(∞)(E′)
. (A.5)
This leads to Eq. (17).
Using the expression (A.4) we obtain another expres-
sion for a relation between the density of states and the
conductance:
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ρ(E)− ρ(∞)(E)
= lim
ε→+0
lim
ǫ→0
1
π2
∫ +∞
0
dE′
×
{
∂
∂E′
[
E′ − E
(E′ − E)2 + ǫ2
+
E′ + E
(E′ + E)2 + ǫ2
]}
Re{Φε(E′)}
= lim
ε→+0
∫ +∞
0
dE′ D˜(E,E′)
× ∂
∂E′
ln
ε+G(E′)
ε+G(∞)(E′)
(A.6)
where D˜(E,E′) is defined by
D˜(E,E′) ≡ − lim
ǫ→0
1
2π2
[
E′ − E
(E′ − E)2 + ǫ2
+
E′ + E
(E′ + E)2 + ǫ2
]
(A.7)
and satisfies the condition D˜(E, 0) = 0. Eqs. (A.1) and
(A.6) lead to Eq. (20).
APPENDIX B: DENSITY OF STATES IN THE
FANO RESONANCE
In this appendix we calculate the density of states by
using Eqs. (2) and (21). Neglecting its second and third
term, Eq. (21) leads to the density of states ρ(E):
ρ(E) ≃ − lim
ε→+0
1
2π2
Pˆ
∫ +∞
−∞
dE′
Γε(E
′)
E′ + E0 − E (B.1)
where the function Γε(E) of E is introduced as
Γε(E) ≡ 1
GεΛf (E + E0)
∂GεΛf (E + E0)
∂E
= −2 (E +Q)(QE −∆
2)
(E2 +∆2) [(E +Q)2 + ε(E2 +∆2)]
= −2 E
E2 +∆2
+2
E + Q1+ε(
E + Q1+ε
)2
+ ε
[
∆2
1+ε +
(
Q
1+ε
)2] . (B.2)
Using the formula
1
π
Pˆ
∫ +∞
−∞
dy
1
y − x
y
y2 + a2
=
|a|
x2 + a2
(B.3)
for a real constant a, it follows from Eqs. (B.1) and (B.2)
that
ρ(E) ≃ 1
π
|∆|
(E − E0)2 +∆2 . (B.4)
in E 6= E0 −Q.
APPENDIX C: TIME REVERSAL SYMMETRY
IN THE FANO RESONANCE
In this appendix we show d2 = 0 under the conditions
A12 = A21 6= 0 and S12 = S21. This result d2 = 0 leads
to K = 0, so we obtain Wf = 0, Λf = (q2/(2πh¯))|A12|2
and Q = −d1 by using Eqs. (30), (31) and (32).
The matrix A, which is an unitary matrix, is repre-
sented as
A =
(
iei(θ˜+ϕ˜1) sin φ˜ ei(θ˜+ϕ˜2) cos φ˜
ei(θ˜−ϕ˜2) cos φ˜ iei(θ˜−ϕ˜1) sin φ˜
)
(C.1)
with real parameters θ˜, ϕ˜j , j = 1, 2 and φ˜. The condition
A12 = A21 imposes
ϕ˜2 = 0 or π. (C.2)
The condition S12 = S21 under Eq. (C.2) implies that
the multiplied matrix AB is also symmetric. This leads
to the condition
tanφ = − sin(ϕ+ ϕ˜1)
cos ϕ˜2
tan φ˜. (C.3)
On the other hand the constant d2 given by Eq. (35) is
represented as
d2 = −∆ · cosφ ·
[
tanφ
+sin(ϕ+ ϕ˜1 − ϕ˜2) · tan φ˜
]
. (C.4)
By using Eqs. (C.2), (C.3) and (C.4) we obtain d2 = 0.
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